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ON SOLUTIONS FOR THE KADOMTSEV-PETVIASHVILI I EQUATION 


J. COLLIANDER, C. KENIG, AND G. STAFFILANI 


Abstract. Oscillatory integral techniques are used to study the well-posedness of the KP-I 
equation for initial data that are small with respect to the norm of a weighted Sobolev space 
involving derivatives of total order no larger than 2. 


1. Introduction 


( 1 ) 


We consider the initial value problem (IVP) for the Kadomtsev-Petviashvili equation 

dx{dtu + dlu + (3dxU^) + ’^d'^u = 0 , 

u(x,0) = uo(a^), {x,y) ^ 


t G 


where u = u{t,x,y) is a scalar unknown function, /3 is a real constant and 7 = ±1. The KP 
equation models the propagation along the x-axis of nonlinear dispersive long waves on the 
surface of a fluid with a slow variation along the y-axis. KP arises as a universal model in wave 
propagation and may be viewed as a 2d generalization of the KdV equation. If we denote with 
d~^ the antiderivative with respect to the variable x, then we can rewrite the evolution equation 
in (|I]) as 

( 2 ) dtu + d^u + jd^^dyU + fddxU^ = 0- 

We will be using (^) in the rest of the paper. This equation is of dispersive type and the strength 
of the dispersive effect depends on the sign of 7 . To see this we recall that the solution of the 
linear problem associated to ( 0 ) can be written as the oscillatory integral 


( 3 ) 


U{t)uo{x,y)= [ A) dC dA 


where (p{^, A) = often called the dispersive function or dispersion relation. Hence one 

can interpret the solution U{t)uo as the adjoint of the restriction of the Fourier transform on 
the surface S = {(A,^)/A = It i® known, in particular from the work of Stein []^|, 

that the curvature of the surface plays an important role in obtaining good estimates for the 
restricted Fourier transform. The dispersive function defines also the intensity of the smoothing 
effect. Kenig, Ponce and Vega |0] proved that if 


u{xi,... ., Xn , t )= [ • • • ,^n) ■ • 

JR" 


df,v 


for a generic dispersive function satisfying |V(?!)(^)| > for 5i > 0, it 

follows that if uq G Lf then d^xj’^u is a function in some IP space. If we go back to 


we see 
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that 

( 4 ) 


|V(^,,)0(C,A)| >C 


lei 

lep 


if 7 = —1 
if 7 = 1. 


We call the equation @ KP-I if 7 = —1 and KP-II if 7 = 1. It is clear then from (Q) that the 

1 /2 

linear solution for the KP-I equation gains in general no more that dj smoothness while the 
one for the KP-II gains the full derivative dx- 

The first result regarding well-posedness for a KP type equation with low regularity is due 
to Ukai 1^]. He uses a standard energy method that does not recognize the type I or II of the 


equation. His result provides local well-posedness for initial data and their antiderivatives in 
s > 3. Faminskii |Q] observed a better smoothing effect in the KP H evolution and used 
this to prove well-posedness results. Bourgain performed a Fourier analysis |l| of the term dxV? 
in the KP-II equation in which the derivative is recovered in a nonlinear way. The result obtained 
gave local well-posedness of KP-II for initial data in L^. Since the L? norm is conserved during 
the KP-II evolution, the local result may be iterated to prove global well-posedness. Takaoka 
|]^ and Takaoka and Tzvetkov [^] improved Bourgain’s result by proving local well-posedness 
in an anisotropic Sobolev space ■ For the KP-I equation the situation is more delicate. 

There are several results on local and global existence of solutions, but not a satisfactory well- 
posedness theory for data with no more than two derivatives. Fokas and Sung Q, and Zhou 
obtained global existence for small data via inverse scattering techniques. Schwarz |W] proved 
existence of weak global periodic solutions with small L?' data. The smallness condition was 
subsequently removed |p. Tom |T^ proved existence of global weak solutions for initial data 
in together with their antiderivative. For well-posedness results, we recall the work of Saut 
ijT^, Isaza, Mejia and Stallbohom 


and finally the work of lorio and Nunes [1T|. The last 
two authors use the quasi linear theory of Kato, together with parabolic regularization, to prove 
local well-posedness with data and their antiderivatives in > 2. The limitation s > 2 is 

needed in order to insure that dxU G L°^, an essential assumption for the proof. Molinet, Saut 


and Tzetkov []T| also proved that if one is willing to assume more regularity for the initial data 
(at least three derivatives in the x variable and two in the y variable need to be in L^), then 
global well-posedness holds. 

In this paper we use a method involving oscillatory integrals to prove that for small Q initial 
data uq in a certain weighted Sobolev space 0, defined with at most two derivatives, the IVP (||) 
is globally well-posed. The fact that we had to use “weights” in the definition of our space agrees 


with some recent counterexamples of Molinet, Saut and Tzetkov |14]. These counterexamples 
suggest “that any iterative method applied to the integral formulation of the KP-I equation 
always fails” when the initial data are only in anisotropic Sobolev spaces. 

The method of proof that we adopt here follows the approach used by Kenig, Ponce and 
Vega to treat the Schrodinger IVP with derivative in the non-linearity Q. Here the situation 
is more complex due to the anisotropic nature of the problem. A weaker version of the so 
called “smoothing effect estimates” and “maximal function estimates”, appeared in the work 
of Isaza-Mejia-Stallbohm |]T^], but these estimates were not strong enough to complete a fixed 
point argument. 

In the rest of this section, we introduce some notation and definitions. Then, in Section 
2, we state the main theorem. In Section 3, we present the estimates related to the maximal 
function associated to (^. Section 4 is dedicated to the smoothing effect estimates and Section 
5 to the group estimates. Finally, in Section 6, we present the main steps of the proof of the 


The precise “smallness” condition can be found in Theorem 0 and 
The precise definition of this space can be found in ffil). 
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well-posedness theorem via the fixed point argument. The paper has also a short appendix on 
some consequences of the fractional Leibniz rule. 


Notation: We denote the Fourier transform of a function f{x,y) by 

F{m,X) = m,\)= [ e<^-+^y^f{x,y)dxdy 

and the inverse Fourier transform by 


F-Hgm,X)=gix,y)= [ e-^^^^+^y^g{^,X)d^dX. 

(We systematically ignore various “2 vr-constants”.) We will often use the symbol (y) = (1 + 
and the operators D'^ and Dy which are defined through the Fourier transform as the 
multiplier operators F{Dyf){^, A) = |Ap/(^, A) and F{D^f){^, A) = |^|‘^/(|, A). We denote with 
H'^y^a, the closure of the Schwartz functions with respect to the norm 


( 5 ) 


zj(^n 

^<y>^ 


= ||<y>“ DlD^yfW^. 


We remove the dot on the indices a and 7 if we substitute with (1 + ZDJ) and Dy with 
(1 + Dy) respectively. We will also use a variety of mixed norms. For example the space 
LlL%Ly is the space of functions equipped with the norm 





\f\y{x,y,t)dy 



Ijr 


We will also write LlLxLy = L^L^y and to indicate the space of functions with 

respect to the measure g{x, y)dxdy. 

Next, we define some projection operators that will appear throughout the paper. The oper¬ 
ator —*• is defined as 

( 6 ) P+u{i, X) = A). 

and P- = Id — It will become clear later that the estimates on the solution of the linear 
problem associated to (^) will be easier to obtain if one could assume that all frequencies ^ 
were far from zero. To put ourselves in this setting, we will use the projection operator Q : 
defined by the formula 

(7) Qu{^, A) = A). 

We use the notation A < B to indicate that there exists a constant m ^ 0 such that A < mB. 
We will use the abbreviations L.H.S. and R.H.S. to refer to the left hand side and right hand 
side of inequalities or equations. 


2. The Main Theorem 
We now consider the KP-I initial value problem 

, . f dtu -h dlu - d~^d^u + (3dxU^ = 0, 

( u{x,0) = uo{x), {x,y) G t G M, 

where u = u{t, x, y) is a scalar unknown function and /? is a real constant. 
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Using the operator Q defined at the end of Section 1, which basically selects the large fre¬ 
quencies, we define the spac^ Zq. We say that uo G Zq if 

( 9 ) \\uo\\zo = \\uo\\h 2 

+ \\{Id — Q)uo\\ + \\{Id — Q)uo\\ + \\{Id — Q)uo\\jj-a2,-t2 

+ IIQ'*^0||j:/‘^ 3.T'3 -|- IIQlfoll h- 0.74 + 11 11 rT<^4.0 < OO, 

{y)°‘ ^{y) 0 ‘ 

where a = 7 o = o-Q = 73 = 1/2 + e, cti = 1/4 + e,a 2 = (J 3 = 3/4 -|- e, CJ 4 = 71 = 74 = 1 + £,72 = 
3/2 -|- e, where e > 0 and small. 

The first result we present is a global well-posedness statement for small initial data: 
Theorem 2.1. For any T > 0, there exists 5 > 0 such that for any uq G Zq, and 

( 10 ) maKi\\{yrQuQh2,\\{yrDf^<^iId-Q)uoh2,\\Df-^{Id-Q)QuQh2)<6, 

there exists a unique solution u{x,y,t) for the IVP in the interval [0,T], satisfying 

u £ C{[Q,T], Zq) r\ Zt, 

where the space Zt is defined in Definition \6. l\ . Moreover, for any T' G (0,T), there exists p > 0 
such that the mapufi —> u from {uq G Zq/\\uq — uq\\zo — P} C{[0,T'], Zq)!! Zt> is Lipshitz. 


In this second theorem, we relax (^) a little, but we only obtain a local well-posedness result: 
Theorem 2.2. There exists <5 > 0 such that for any uq € Zq, and 

||(y)“(l + Il,)^%o||L2 <5, 

there exists T = T(||no||zo) ® unique solution u{x,y,t) for the IVP in the interval [0,T], 

satisfying 

ueC{[o,T],ZQ)nZT. 

Moreover, for any T' G (0, T), there exists p > 0 such that the map uq —u from {uq G 
Zo/\\^ — ^olUo ^ p} C([0,T'],Zo) n Zt' is Lipshitz. 

Using the operator Q again, we transform (^) into a system with unknowns Qu = ui and 
{Id - Q)u = U 2 : 


dtui + d^ui - -F PQdxiuj + ul + 2uiU2) = 0 

^ dtU2 + d^U2 - dfi^dyU2 + Pild - Q)dxiul + ul + 2u2Ui) = 0 
^ ui{x,0) = Quq{x) = Wq 

U 2 {x, 0) = {Id — Q)uq{x) = vq, {x, y) G t G M. 

Now observe that for any function /, {Id — Q)dxf and /, have similarly sized Fourier transforms 
supported on low frequencies. Hence, the effective nonlinear term for the problem is concentrated 
in the first equation, that is the term Qdx{u1 + u^ + 2 u 2 Ui). On the other hand the dispersive 
function for the first equation is A) = + A^/^), which is not singular. 


®See also Definition 6.2 
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3. The Maximal Function Estimate 


In this section we prove a maximal function type estimate for the solution of the linear initial 
value problem associated to Consider the problem 


( 12 ) 


dtu + d^u — ^dyU = 0 , 

u{x,0) = uq{x) {x,y) € t G M, 


and denote with U{t)uo its solution. It is easy to see that 

(13) U{t)uo{x)= [ 

We have the following theorems: 

Theorem 3.1. For any a > 3/4,7 > 1/2 and 9 > 1, 


(14) ^ sup sup sup |Qt/(t)uo(a^,y)| 

\,^_^s<y<s+l\t\<l X 

( OO 

sup sup sup\QU{t)uo{x,y)\^ 
^^_^r<x<r+l\t\<l y 


2 \ < 


1/2 


< 


+ 


1 + DxY{l + DyY Quq\\i2(^^2^ 

(1 + DxYY + T>y)’^Qtto||L2(K2) 
1 + DyYQUo\\l 2 ^^^ 2 '^). 


For the low frequency solution we have: 
Theorem 3.2. For a > 1/4,7 > 1/2 oind 0 > 1, 


1/2 


(16) 


(17) 


sup sup sup |(/d - Q)t/(t)tto(x,r/)/ 

\s=_^s<y<+l\t\<l X 

< \\D-Yl+DyY{ld- 


1/2 


< 

rs_/ 


sup sup sup K/d - (5)[/(t)uo(x,y)/ 
\^^_gor’<a;<r+l |t|<l y 

+ Dy)^Yd — Q)uo||l2(r2)). 


The proof of these theorems follows arguments presented in . We use the following lemma: 

Lemma 3.3. Let (j)(Y and let be a C°° function supported on the set A^j = 

{|^| ~ 2^ and |A/.^| ~ 2^, for k ^ 'Z,j ^ Z}. Then the function 

(18) Iij { x , y )= [ 

JR2 


satisfies 
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(19) 

( 20 ) 

where a{k,j) 


Y, snp HkA\r\,\s\) < 

r 

—oo<s<oo 

Y supi7fc,j(|r|, |s|) < 

—oo<r<oo 

+ j if k > 0 and a{k,j) = j+ if k <0, and 

(^+j i/A: > max(0,j), 

= I ^ + 2j if j > k >{) or [k < Q and k > 2j], 
[ 2k + j ifk < min(0, 2j). 


Proof. We subdivide the interval of time [0,1] into dyadic intervals of size [2'^ 2°^], for u < 0. 

Then we rescale the integral Ik,j by setting t = p2^, p £ [1/2,1] and 

(21) 2'"/^^ = C and 2'^^/^X = p. 

Then 

(22) 4,,(x,y)= [ 

J]R2 

where 


(23) 

(24) 


k = kPal‘i, j=j + cr/3, 

X = y = 2-^^/^y. 


For simplicity we drop the “tilde” from k,j,x and y and we keep in mind that again k,j £ Z. 
We start by proving (p0|). We make the decomposition 

h,j{x,y) = Ik,j{x,y)X{\x\<l} + h,j{x ,y)X{\x\>C + h,j{x,y)X{\x\<Cm!ai{ 2 '^i 

= Kl^^{x,y) + Klj{x,y) + Klj{x,y). 


for an appropriate C ^ 1 
when we address (20). 


to be determined later. A different decomposition will be used later 


Estimate of ■ 

Here we simply have 

(25) \Klj{x,y)\ <X{\x\<i} j^^Ok,j{C,lj)dCdp = 2^^"^^ X{\x\<i} = Hlj{\x\,\y\). 

Define the function 

^x,yiC,h) = P(t>{C,h) + {x,y) ■ {C,h) 

for p £ [1/2,1]. In the rest of the proof we will drop p. Compute 

(26) VTa:,y(C, p) = [3C^ - p^/f + X, 2p/C + y] 
and 

(27) = 2/C d^Okp ~ 2-^-^hp 

(28) = 6C + pVC" d^dkj ~ 2-%j. 

We now choose the constant C in the defining condition of ~ 0)1)2, so that, in the 

present region under consideration 77/j, we have 
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Estimate of j 

Observe that in this case we can assume that max(A:,j) > 0. (Otherwise we are in the region 
where |x| < 1 which was considered above.) We integrate by parts with respect to ( twice and 
we use (|2^ to obtain 


\Kljix,y)\ 


< 

rv-/ 


l««l |0tK«l ^ |Wc«l + 


(29) 


2‘ik+j+ 


22k 






dCdfi 


2^ max (2^, 2^-^ ^ max (1,2^-^ ^ max (2^^, 2^-^ 

71 To 77 71 71 7T “b 


< 


max(|xP,l) max(|xP,l) 

1 - 1 - X{|a;|>Cmax (1,2^2,2^*)} ^k,ji\^\^ 


max (|x|^, 1) 


max (|a;|^, 1) 


Estimate of K'^j 

In this case could be zero and no integration by parts could be performed. We need the 
following lemma 


Lemma 3.4. Assume y is fixed and that there exists (q = Co(/^) £ ^k,j such that d(^'^{Co, y) = 0. 
Then 

(30) I4,,(x,y)| = 1 1 

where fi{k,j) = | + i if k > j and j3{kj) = ^ ifk<j. 

Proof. We use the Van der Corput lemma (see for example Corollary of Proposition 2 Chap. 
VIII, in 1^). We first make a change of variables so that j is transformed into Ai^i, that is 
we set (^, t) = (2“^(^, 2“-^/i). With the new variables we have 

4/(e, r) = + 22j-VVe + (2"'^, 2^y) • (4 r) = r) 

where = max (2^^, 2^'?“^). Then 


(31) 


Klj{x,y)\ 


2^k+j 




It is easy to check that ||'k||c3 ^ C and that 

(32) |%T| = m^jiei ( 23^6 + 222^-"^) ~ 1, 

hence by integrating first with respect to ^ using Van der Corput lemma, and then with respect 
to r, we obtain 

(33) \Klj{x,y)\ ~ 22 ^+ 4 mfc ,,)-42 = , 2 ^>^)} = H\\x\, \y\) 

where fi{k,j) = k/2 + j A k > j and I3{k,j) = 3k/2 if k < j and max(A:,j) >0. □ 


We now go back to the “tilde” notation and we define 

^k,P^y)= Y1 

i=0,l,2 
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Using (1^ , 


and dsl) we finally have that 


^supi?fc,i(k|, |s|) = 
rez ^ 


< 


2-'^ ^ sup H-^j (2-'^/31r 1,2-2-/31^ |) 
rez ^ 

2-^-/^Y.supH~^j{\r\,\s\) 
fGZ ^ 

2-2o-/32^(fcj) 


where 

(34) 


which by (^3|) gives 


Kk~j) 


^ + j if > max (0, j) 

^ ^ + 2j if j > max (0, k) 

2k+j if k,j < 0, 


^sup//fc,,(|r|,|s|)<2'^/3+'5(^’^), ^<0 
rez * 


where 

(35) 


r ^+j if fe>max(0,j) 

= I ^ + 2j if j > fc > 0 or A; < 0 and k > 2j 
[ 2k + j if A: < min (0, 2j). 


This proves (^0|). We now use similar ideas to prove (|^). After we rescaled the time as we did 
above we write 


1 y)X{\y\<l} ~k ^k,j(.^j y)X{\y\>mauK {1,C2^)} A/)X{l<|y|<2^} 

= Klj{x,y) + Klj{x,y) + Klj{x,y). 

Estimate of j 

Clearly we can estimate 

( 36 ) \Klj\ix,y) < 2^^+^X{\y\<i} = Hly 


Estimate of ■ 

Observe first that in this case we can assume that j > 0. We then use the fact that for C ^ 1 


^ \yl 

and we can integrate by parts with respect to y, twice and use 


\Kty{x,y)\ 


(37) 


< 

rv-/ 


< 


I I yy A , 

I O ' I -T- I O ' I -T- I Q ' 




2-2i+ 

|y|l+ T{|j/|>Cmax (1,201 




= Hlj{\x\, 



d^dy 


Estimate of ■ 

In this case could be zero and no integration by parts could be performed. Instead we use 
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an argument similar to the one presented during the proof of Lemma 3.4. Rescale the function 
'I' using variables C and r and define rrikj = Then 

(38) \Kl,ix,y)\ ~ = H\\x\, \y\). 

using (^), (^) and (|3^) we finally have that 

^supiLfcj(|r|,|s|) = 2"'^^sup#^j(2“^/3|r|,2“2^/3|s|) 

rez ® 

= 2-'^/3^supF^.(|f|,|s-|) 


sEZ 


fEZ 


where 

(39) 


S{k,j) = max(2fe + j,-X|j>o}2j,X{j>o}(5/2fc + j)). 


After we replace k with k and j with j, we have 


sup Hk, 




5EZ 


where a{k,j) = ^k + j+ if A: > 0 and a{k,j) = j+ if k < 0 and this proves (|19|). 


□ 


The proofs of Theorems 3.1 and 3.2 follow the basic steps of the proof of Theorem 3.2 in 


Proof of Theorems \3.1\ and 3A: Here we prove only (|J) , (|15D will follow from similar arguments 
and Lemma |3.3| . Let 0^j be as in in the proof of Lemma |3.3| . We define 

(40) F{Uk,j{t)uo){i, A) = A)n^(e, A) 

with /c G N and j G Z. It suffices to show that 


(41) 


OO \ 1/^ 

V sup supsup|Hfcj(f)uo(x,y)n < 2 “(^’^)||uo||l2(k2) 
o=_oo^<2/<^+l |t|<l ^ / 


where a{k,j) is defined in Lemma 3.3. We recall that the dual operator to Ukj{t), with t G 
[—1,1], is the operator T* such that 


T*g{t, x,y) = / Uk,j x, y)dt. 


'-1 


By duality is it enough to show that 


(42) 


J Ukjit)g{t,-)dt < ^ i^J J J \g{x,y,t)\dxdtdyj 


2\ 1/2 
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Using P. Tomas’argument on L.H.S of (^), it follows that 


Uk,j{t)g{t,-)dt 


'-1 


{t - T)g{T, x,y)dT] g{t,x,y)dtdxdy 


< 

rs_/ 


< 

rs_/ 


< 

rs_/ 


Z] / 

s<y<s+lJs 


L2 JM.2 J_i \J-i 

s+1 r 

/ / ( / Ukj{t-T)g{T,x,y)dT] g{t,x,y)dtdxdy 

JRJ-I \J-i 


y sup sup sup 

S ® |t|<l 


/ Uk,j{t-T)g{T,x,y)dT]([ [ [ \g{t,x,y)\dtdxdy 
J-l / \Js JRJ-l 


y sup sup sup 

s \s<y<s+l X |t|<i 


j Ukjit - T)g{T,x,y)dT 


1/2 


z 


rs+1 r \ 

/ / / \g{t,x,y)\dtdxdy 

's JwJ-i 


So in order to prove (^) it is enough to show that 


(43) 


/ oo „1 2\ 

Z sup sup / Ukjit - T)g{T,x,y)dT 

\s=-oo^^y<^+^ ^ l*l<i d-i J 

( . / /■*+! /■! /■ ^ ^ 
< .mm 12 


1/2 


\g{x,y,t)\dx dy dt 


We observe that 
ri 


'-1 


Ukjit - T)g{T,x,y)dT 


< / Hk 


jiz,w) J ^\gi 


X — z,y — w,T)\dz dw dr 


and by Young’s inequality, 
rl 


sup 

X 


Ukjit - T)giT,x,y) dr 


'-1 


< 

r\-/ 


sup Hkjiz,w) 


\giz,y — w,t)\ dr dz ] dw. 


-1 


If we partition w we can continue with 


< 


^ sup sup Hkji\z\,\w\) 

-—_r^ 2 S<10<S+1 


5+1 /■! 


\giz, y — w, T)\dT dw dz. 


s J-l 


Then we partition y with s and take the norm, to find 


^ f rs+l pi 

^ sup ^ sup sup Hkji\z\,\w\) / / / \giz,y - w,T)\dT dw dz 

V s<l/<s+l o— ^ s<io<s+l JkJs J-l 


< 


OO / OO 


rs—s-\-l pi 

S I E 1 E sup sup Hkji\z\,\w\) II I \giz,y,T)\dT dydz 


1/2 


s=—oo \s=—oo 


2 S<10<S + 1 


'-1 


2 
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Using Minkowski inequality with respect to the sum on s, we continue with 

r*s —s+1 /*1 


oo 

5 E 

s=—oo 

oo 


sup sup Hkj{\z\,\w\) i ^ 

2 s<tt;<s+l 


s=—oc 

oo 


\ 9 {z,y,r)\dTdy dz 


< 


E 


sup sup 

2 : s<w<s-\-l 


Hk,j{\z\,\w\) { 


S — S J—1 
cr+1 /*! 


1/2 


\g{z,y,T)\dT dydz 


j-i 

rCT+l \ 

< j ^ ( / / / \g{z,y,T)\dTdydz 


2\ 1/2 


1-1 


where in the last step we used dl)- The proof is then complete. 


□ 


Remark 3.5. If one wants to prove the classical ^ estimate of the maximal function, the price 
to pay is formally an extra derivative with respect to the y variable. 


During the proof of the well-posedness result presented in Theorem 2.1 we will need a weighted 
maximal function estimate. The precise statement is presented in the following theorems 


Theorem 3.6. For any a > 3/4,7 > 1/2 and 9 > 1, there exists a > 1/2 such that 

/ oo \ 1/2 

V sup sup sup(y)“|Qt/(t)no(x,y)p 

^s^_^s<y<s+l\t\<l X J 

'(1 + D^ni + DyyuohRR^) + 11(1 + 

/ oo \ 

Y] sup sup sup(y)“|Q[/(t)uo(x,i/)p 

y,r=_oo^^^<^+i l*l<i y J 

"(1 + DxYy + + ||(l/)"DyUo||i;,2(-R2) 

+ 11(1 + D^y ^/^D/+^/^no||L2(]R2) + 11(1 + Dyy~^^^‘^Uo\\L2(j^2y 


(44) 


(45) 


< 

r\-/ 


< 


For low frequencies we have: 

Theorem 3.7. For any a > 1/4,7 > 1/2 and 9 > 1, there exists a > 1/2 such that 

/ oo \ 1/2 

(46) I V sup supsup(i/)"|(/d-Q)t/(t)uo(x,i/)p] 

V,=_oo«<y<«+l|i|<l ^ / 

+ T>y)'l'uo||L2(R2) + + Dy)°'uo||L2(R2) 

OO \ 1/2 

V sup supsup( 2 /)"|(/d-Q)t/(t)uo(x,y)|U 
j.^-^r<x<r+l\t\<l y J 

+ -lly)^llo||L2(]R2) + \\D^ ^/^(l + Dj^)®’''^/^Uo||l2(k2). 


< 

rs_/ 


(47) 


< 

rs_/ 


Here we prove only (44) of Theorem 3.6 and (46) of Theorem 3.7, the rest follows with similar 
arguments. 
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Proof. Let Q be the operator such that F{Qf){f.,X) = x 
wo {I 




/(^,A). Assume wo{C,X) = 


where wo{r) is a smooth characteristic function of the interval [—2,2], We write 

QU{t)uo = [Id — Q)QU(t)uo + QQU(t)uo. Next we define the multiplier operator Pk such 
that F{Pkf){f,) = where if is a smooth characteristic function of [1/2,2], and 

= Q- We write (Id — Q)QU{t)uo = ~ Q)^i^) Yl^kUo- We then define the 

operator 

W^ = \yriId-Q)Uit)Pk 

for z G C and we use complex interpolation. Assume Re^; = 0, we use the argument presented 
to prove (14) and we write 

/ oo \ 1/2 


(48) 


sup sup sup \{Id — Q)U{t)PkUo[x,y)\^ 


s=_oo^<2/<^+l |i|<l 


< 

rs_/ 


ll'^O \\L‘^(^2^^^'d)(lxdy) ’ 


where a(A:,j) = bk/2 + j+. Assume now that Re^ = 1. We have 


F{y{Id-Q)U{t)PkUo){^,X) ~ aA(e'*(^+ t)^^o(A/Oi/(Oi^)(?,A) 


^ + 2 ^u)o(A/OV’(Oih) + wo{X/^)'if{^)dxuo 


and agin using the argument presented to prove (14) we have 


1/2 


< 


I|ll0|ll,2(-2a(fc 

(l+y^)dxdy) ‘ 


(49) W sup sup sup |i/(/d - Q)C/(t)PfcUo(x,y)p 

\s^_^s<y<s+l\t\<l X J 

We then interpolate between (48) and (|^) and sum over k to obtain (|^ ) in this case. 

Next dehne Tkj, k G N, j G N, such that F{Tkj{f)){f,, A) = Okjfif,, A), where 6k,j was defined 
in Lemma 3.3, and ^ ■ = Id. We hrst prove, again by interpolation, that for any a G [0,1] 


1/2 


(50) W sup supsup|?/|"|QQC/(t)rfcjUo(x,y)|" 


< 

r\j 


l 2 ^ 2 a(fc,i) ( 2 ‘^j -\-y‘^')^ dxdy)' 


where a{k,j) = bk/2 + j+. Define the operator 

= \yYQQU{t)Tk,,. 

Then for Re 2 = 0, the argument presented to prove ( |l4|) gives 

/ oo \ 1/2 


(51) 


W sup sup sup |Q(5[/(t)TfcjUo(x,y)/ 

,^=_oo^<l/<^+l|i|<l ^ 


< 

rs_/ 


l|llo|lL2(2“('''l)dxd?;)' 


For Re 2 : = 1 we have 

F{yQQU{t)TkjUomX) 

(52) 


9A(e*'(« + e ^uo){tX) 


3, Ai-, / A 






+ 9a wo)(C,A) 


2^F{QQU{t)TkjUom A) + F{QQU{t)Tkjyuo){f, A) 
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Again, the argument presented to prove (Id) yields 

( OO 

sup supsup\yQQU{t)Tk,jUoix,y)\" 


1/2 


< 


11^0 |lx ,2 ( 2^2 -\-y‘^')dxdy)' 


1/2 


Combining (51) and (|^ ) and using complex interpolation we obtain (pOl). Now using 
have 

» V2 

V sup sup sup |y|^|QQC/(t) 

y] ( y] sup supsup|i/|‘^|QQ[/(t)T| ■uo(x,y)p ] 

V*—oo*<2^<*+Nt|<i - 7 

^ y |li;,2('2Q!(fc,j) j^22i +y'^)°-dxdy) 

k,j 

'^^iW'^kjUoW j^2 (^2°‘(k,j)+2aj'jfl^J^y + ||7fc,j'^^o|li;,2(2a(fc,j)|y|2Qcix(ly))- 
k,j 


< 


< 


< 


For a = 1/2+ we have + aj = + (l+)j and 


we 


(^4) ll^fc,J^o|lL2(2“('“’2)+2'^Jd3;di; ~ W^x^ k^y^'^oWL- 

k,j 

To treat the term involving |y|“ we need a commutator estimate. Recall that here j > 0. Then 
for a > 1/2, a = 3/4+,7 = 1/2+ we have 

Write g{x,y) = Dy^'^ uq, then by (|7.1]) it follows 

\\\yrn,yg\\L2 ~ WDlOu/gU^ 

< \\Dl{ek,,g) - DliOk^Yg - 4,,T2^(5)||l2 

+ ll-^A(^fc,/)||L2 ll^lli^cx) + \\0k,j\\L°°\\D\{g)\\L'^ 

< (II^A(^fc,i)||L 2 + ||0fc,,||L-)||Il^(5)llL2 

where, in the last step, we used Sobolev’s theorem. Now, it is not hard to show that \\D\{Gk,j)\\L'^ ~ 
2 (i/ 2 -a)(/+fc) ^ In this case j, fc > 0, hence \\D\{0k,j)\\L‘^ ^ C!, but in the proof of (|4^ this “small” 
factor must be considered. From here we obtain 


(55) ^ l|rfc7no|lL2(2.(..H|,|i+,.,,)) < WDl/^^Dy^+uoU^ + || < y >'/2+ dI/^+D y^+uoU^. 

k,j 


Then combining (54) and (^) we obtain (0)- 

We now pass to the proof of (^). A weaker version of this can be simply obtained following 
the argument above by substituting (53) with 


(56) 


/ OO \ 1/2 

V sup supsup|2/Q(/d-Q)t/(t)rfc 7 Uo(ai,y)n Y \\uo\\Ly2‘^(k,j)(^2^j+y2)axdy)^ 
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where a = j+. But one can do better by repeating the proof of (|^) directly with 2^QQU{t)TkjUo, 
that is the first contribution in (|^). In this case, (|3^ ) changes into 

(57) Hk,j) =max(2fc + 2j,-X{j>o}i,X{j>o}(5/2fc + 2j)), 

which translate into a{k,j) = j+, if 2k + 2j < j and a{k,j) = 2k + 2j, if 2k + 2j > j. The 
result then follows by interpolation. 

□ 


4. The Smoothing Effect Estimates 

In this section we prove some basic estimates that describe the smoothing effect associated to 
the IVP (1^). As mentioned in the introduction, the smoothing effect is linked to the curvature 

of the surface S = + We show that in the region where the surface is of quadratic 

type (i.e. |A|/|^| » |^|), the dispersion behaves like in the Schroodinger equation and we do not 
gain more that dx smoothness. On the other had in the region where the surface is of cubic 
type (i.e. |A|/|^| <C |^|), the dispersion behaves like in the KdV equation and we gain the full 
derivative dx- 

Lemma 4.1. IfU{t)uQ is the solution of the IVP ^T^), then 


(58) 


\\dxU{t)P+Quo\\L^Ll^ < \\uo\\l 2_^, 


(59) \\ dl /^ U { t ) P . Quo \\ 

The inhomogeneous version of becomes 


L^Ll^ < hohly 


(60) 


\\dx / U{t-t')P_Qf{x,y,t')\\L^L^ <c\\f\\nL2^ 


y t,x 




Proof. Our proof follows the proof of the one-dimensional KdV smoothing effect presented in 
H. To prove (|^), we write 


dxU{t)P+Quo{x,y) = / 

A)] dX. 

'{|?l>max(l,2|A|/|$|)} 

We make the change of variables (C,A) = (^^ + A^/^, A), with Jacobian J(C,A) > > 1. We 

continue the chain of inequalities above with 

I A)n5(0(C, A), X)xm> 2 \x\m}J-^] dCdX. 

Then, by Plancherel 

\\dxU{t)P+Quoh 2 ^ A)u5(0(C, A), X)xm>2\xm}J-^\\Lj 


CA 


< 


\ 1/2 

|0(C,A)|2|n5|2j-2dCdAj 

\ 1/2 

=iKii 


r2 . 

^,y 


To prove (|^, we use a similar argument 
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dl/^Uit)P+Quoix,y) = / 

J {i<\^\< 2 \xm} 


A)] d^dX. 


We make the change of variables (^,p) = with Jacobian J(^, A) > |^|. We set 

A = 7 (^, p) and we continue the chain of inequalities above with 

I x))xm< 2 wmJ-^] dpd^ 

Then, by Plancherel 

\ 1/2 

miToi^ j-^d^dpj 

< (/ieiKner')'^' = iKiiLi„. 

In order to prove the inhomogeneous estimate (|60|), we first observe that the adjoint operator 
{U{t)P-Q)* : —> Ll y is defined as 


{U{t)P-Qyf{x,y,t)= / P-U{-t)Qf{x,y,t)dt 

J —OO 

and that the dual version of (BOl) becomes 


(61) / P-U{-t)Qf{x,y,t)dt\\L2^^^<\\f\\Li, 

J —OO 

Now, following the argument on page 554 of we see that it is enough to show 


1 7-2 . 

^y^x,t 


/ OO 

U{t- t')P_fQ{x,y,t')dt'\ 

-OO 


ls ° l 2 < WJWlIlI 


(62) 

\/ II - I V / lli^^ II./ 

J —OO 

To see this we take a smooth function g such that ||5||2,ii2 ^ < 1 and write 

/ OO /• / 1*00 \ 

/ \dx \ U{t-t')P-fQ{x,y,t')dt']g{x,y,t)dxdydt 

-OO J'R‘^ \ J —OO / 

/ OO nOO p 

/ / ^e*(*-*')'^(«’^)x{i<|5|<2|A|/|«i}/(e, A, t')g{i, A, t') di dX dt dt' 

-OO J —OO 

/ OO /*oo p 

/ / y/'e“**''^^^’^^X{i<|€!< 2 iA|/|€|}/(?, A, (C, A, t) d? dA dt dt' 

-OO J—OO Ju^ 

p poo poo 

= / / U{—t')P-Qf{x^yp')dt'd].P / U{—t)P-Qg{x,y,t)dtdxdy 

Jm.'^ j—OO J—OO 

/ OO poo 

U{-t')P-Qf{x,y,t')dt' Sy^ / U{-t)P_Qg{x,y,t)dt 

-OO —OO 

x,y 


< 


< ll/llLiL2x,i/llfl'llLiL2a 


r 2 

x,y 
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□ 


5. The Group Estimates 

In order to define a Banach space suitable for a contraction mapping theorem, we need to 
analyze how the group U(t) acts in certain weighted anisotropic Sobolev spaces. 

Lemma 5.1. Assume that < y >" g, (1 + + Dy)^g G Lx,i/ ct G [0,1]. Then 


(63) \\{y)°^U{t)Qg{x,y)\\L2^^ < ||(?/)"5||i2_^ + ||(1 + Dy)"(l + 

For the small frequeneies we also have 

(64) \\{yrumd-Q)g{x,y)\\Li^^ < ||(y)“5llLi., + 11(1 + 

Proof. Here we only present the proof for (^), the one for (|^) follows by similar arguments. 
We define Q to be the operator such that F{Qf){X) = y;{|A|>i}/(-^)- (Note that this Q is 
different from the one used in the proof of Theorem 3.7.) Then assume ipoiX) = i/iodAI), is 
a smooth characteristic function of the interval [—2,2]. We consider first the operator = 
{y)^U{t){Id — Q)Qg{x,y), for z G C. Clearly for Rez = 0 

(65) \\U{t){Id - Q)Qg{x,y)\\L 2 < \\g\\L^(dxdy)- 
On the other hand, when Re z = 1 we estimate 

F{yU{t){Id-Q)Qg){i,X) ~ 

~ + w'{X)g + dxi^ X{|^|> 1 }- 

It follows that for Re z = 1 

(66) sup \\yF(t)(Id-Q)Qg(x,y)\lL 2 < \\g\\Lmi+y2)dxdy)- 
\t\<i 

Interpolating ( jSSj ) and (|^) we obtain 

sup \\{y)°‘U{t){Id - Q)Qg{x,y)\\L 2 < \\g\\L^{(i+y2)<.dxdy), 

|t!<i 

for a G [0,1], and this proves ( p^ ) for |A| < I. To treat the region |A| > 1 we introduce a 
Littlewood-Paley decomposition. Let j G N, such that 

V'fc,i(e,A)=iA(2-"^,2-lA) 

where V'dr], |s|) is a smooth characteristic function of the rectangle [1/2,2] x [1/2,2]. Let 
be the multiplier operator such that 

(67) E(Pa,,,(/))(C,A)=V’A:,,/(C,A). 

We need some preliminary estimates: 


( 68 ) 


i!/r{E 

k,j 


<ll|yr/llL2 + ll/llL2, 

L2 



< 


k,j 

L2 

k,j 


(69) 
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(70) 


(71) 


ivY 




k,j 


< 


L 2 


ivY 


L 2 


IKyr/llL2< 


k,j 


L 2 


To prove (| 6 ^), note that the square of the L.H.S. is Ylk j III?/I°^-Pa:j/||£ 2 - We estimate this by 
interpolation. Define the operator ■ = \yYPk^j. Then, when Rez = 0 we get the trivial bound 
\\Pj,kf\\\ 2 - When Rez = 1 we get 

WyPKjfWh = \\d\{Y’k,jf)\\l2 

^ UYjfWh + Uk,jdxf \\l2 
< 2-^^\\Pu,jf\\l2 + \\PkAyf)\\h- 

We now use the support properties of Pk^j and Pkj on the Fourier transform to conclude that 
when Re z = 0 

1/2 

|2 


(72) 

and when Re z = 1 

(73) 


I E lAj/f 

k,j 


k,j 


< II/IIl2, 


L 2 


1/2 


< 


ll(y)/ll 


L2. 


L 2 


Complex interpolation between (|7^ and (^) proves (^ 3 ). We now prove (^). We use again 
interpolation. When Rez = 0: 


1/2 


E ftjAj 

= sup 

yZ / Pkjfkjgdxdy 

= sup 

y] / fkjPkjgdxdy 

k,j 

\\3h2<l 

-^ / 

Kj 

IIsIT 2 <i 

-^ / 

Kj 


1/2 


< sup / \J2\fkj\ 

Nh2<i^ Vtr 


1/2 

dxdy< 
k,j 


\fkj\ 

k,j 


L 2 


where, in the last step, we used Littlewood-Paley theory. When Rez = 1 we use similar argu¬ 
ments to show that 


y Pk,jfk,j 

= 


k,j 

L 2 

k,j k,j 


L 2 


< 


< 

rs-/ 


1/2 


\fk,j\ 

k,j 

{y) ( 

\ k,j 


L 2 

1/2 


1/2 


k,j 


L 2 


L 2 
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We are now ready to prove (TO). Let gjk be functions such that 

1/2 


\9k,j\ 

k,j 


ivY 


< 1 . 


L2 


Then 


ivY 


:(E laj/l")’''" 


k,j 


L2 


= sup 

9k,i 


= sup 
9k,j 


^ Pk,jfgk,j dxdy 
k,j 

Pk,jgk,jf dxdy 
k,j 


< 


(?/)" 

k,j 



1 

L2 



L2 


We then use (|^) to obtain the desired result. We now prove ( 0 ). Write/ = Let <7 

such that 11(1 + |y|)““ 5 '||L 2 < 1. We estimate 

f fix, s)s{x,s) dxdy = [Y, Pi, fa dxdy 


k,j 


j '^Pk,jfPk,jgdxdy < j i'^\Pk,jf\ 

k,j V k,j 


1/2 


< 

rs-< 


< 

rs_/ 


(vr IE ^p^yff 

k,j 

k,j 


1/2 


1/2 


L2 


L2 


1/2 

'^\Pk,jgY ] dxdy 
k,j 
1/2 


(y)-^ 

k,j 


^5||l2, 


L2 


where we used (|TOD in the last step. We are now ready to prove (^). Using the same ideas we 
presented above it is not hard to show that for any a G [0,1] 


(74) 

Then, by (|7l|), we write 


sup \\{y)°'Pk,jQQU{t)UQ\\l 2 < \\UQ\\L 2 (( 2 '^j- 2 kj_\y\ 2 )x.-)dxdy)- 
|i|<l 


sup \\{yTQQU{t)uQ \\\2 
\t\<i 


< 

r\j 


(75) 


( |Pfc,,-[/(t)noP)L2||2, 

0<k,j 

E \\{yr\Pk,fU{t)uo\\\l 2 


0<k,j 


Let be such that Yk,j'4’k,j = V’fcj- We continue (|75|) with 

E \\{yr\Uit)PkjPk,jUo\\\l 2 . 

0<k,j 
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Recall also that \\U{t)Pkjf\\l 2 < Il/Ili 2 - Thus, our basic estimate (|7^ ) gives 


snp\\{yrQQU{t)uo\\h < T, \\{yr\U{t)Pk,,Pk,jUo\\\h 

1*1-1 0<k,j 


< 


0<k,j 

< Y, iP^^-^^PkjUoWl. + \\\yrPk,,uo\\h 

0<k,j 

< 11(1 + DJ-"(1 + 0)Ja„||i. + |||!,|“( 

0<k,j 

< \\{l + D,)-^il + Dyruo\\l. + \\{yruo\\l., 


where, in the last step, we used (|68f ). This concludes the proof of (|6l^) and hence the proof of 
the lemma. □ 

We recall the Strichartz estimates associated to the IVP (^) due to Ben-Artzi and Saut [||: 

Proposition 5.2. //O < 0 < 1, and {q,p) = 

(76) \\ U { t ) uo \\ LjLP ^^ < ||uo||l2 

In order to be able to estimate the intermediate orders of derivatives in the non-linear term 
of (^), we need ( |7^) with {q,p) = (2,oo) and with the weight {y)°^,a = 1/2-I-. For this purpose 
we prove the following proposition; 

Proposition 5.3. For any a € [0,1] and t G [0,1] 

(77) 

\\{yrQU{t)uoh2L^^ < r^(^)(||(2/)“((l + D,r + (1 + Dyr)Quoh^ + 11(1 + Dyr+^Quoh^). 

For the low frequencies we have 

(78) 

Wiynid - Q)U{t)uoh2L^^^ < T^^^\\\{yni + DyYnoWL^ + + DyT+^Yld - Q)uo\\l2 ) 

for any 0 < e < 1. 


Proof. Here we prove only (TT^)', (|7q) will follow from similar arguments. We first observe that 


(79) \\{yrQU{t)uoh.L^^ < r<5W||[(l + + (1 + I?,)1(2/)“Qt/(t)no||,,(o,PU 


where q{e) = -,p{€) = = |. Then by (M) we can continue with 

T^^^^\\{yr[il + D,Y + {l + DyY]QU{t)uoL,(.u,(.) 


and from here on we can proceed by interpolation, like in the proof of Theorem using 

□ 
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6. Proof of Theorems 2.1 and 2.2: The fixed point argument 


In this section we give only an outline of the proof of Theorem |2.1| . The basic argument is 
illustrated in many articles in the literature of dispersive equations. In particular, we refer the 
reader to Q . The proof of Theorem |2.2| is similar and the main difference is explained in Remark 


6.4 below. 


We start by transforming O into the system of integral equations 

( 80 ) ui = X[o,T]U{t)wo + X[o,T] [ QU{t-t')dx{ul + ul + 2 uiU 2 )dt' 

Jo 

( 81 ) U 2 = X[o,T]U{t)vo + X[o,T] [ {Id-Q)U{t-t')dxiul + ul + 2uiU2)dt'. 

Jo 

Then it is clear that a solution for (|^) and (^l[) is a fixed point for the operator 

( 82 ) L{w, v) = (Li(w, v), L 2 {w, v)) 
where 

( 83 ) Li{w,v) = X[o,T]U{t)wo + X[o,T] [ QU{t - t')dxiw‘^ + v'^ + 2wv)dt' 

Jo 

( 84 ) L 2 {w,v) = X[o,T]U{t)vo + X[o,T] [ {Id-Q)U{t-t')dx{w‘^+ v'^+ 2wv)dt'. 

Jo 

We now define the Banach space Xt x Yt where we will find the fixed point for 


Definition 6.1. Let ui > 3/4 ,71 > 1/2, <72 > 1,72 > 1 and let a = Q!(<7i, cr 2 , 71 , 72 ) 
be the smallest a that can be chosen in Theorems |3.6| and |3.7l Consider the norms 


and 

(85) 


= 

Mh^ 

ll^lb = 


ll^'lls = 

\{yni + Dyy^vh^Ll^ 

ll^'IU = 

(2/)“(l + y 

hh = 

\dxP+{Dl + 

ll^lle = 

\dM^ + D.ni + Dyy^v\\L^Ll 

ll^llt = 

\dxP-{Dl + D^)'!’ 

ll^lls = 

\d^p.{i + D,r{i + DyyHh^Li 

II^IIq = 


ll^^llio = 


ll^llii = 

\{yrdyV\\L2L^^^ 

Il^l|l2 = 



Y\\x = 


max (||u||j). 
i=I...I2 


1 / 2 + to 


Note that norms 1,... ,4 relate to the group estimates, norms 5,... 8 relate to the smoothing 
estimates and norms 9,10,11 concern the maximal function estimates. Below we denote with 
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II • ||i,t, i = 1,... ,4 the norm obtained from || • ||j, i = 1,... ,4 when the time variable is left free. 
Recall that F denotes the Fourier transform. We define the spaces of functions 


and 


where 


= {f{x,y,t)/t G [Q,T],Fx{f){i) = 0 if |C| < 1, and ||/||x < oo} 

= {f{x,y,t)/t G [0,r],Fa,(/)(O = 0 if 1^1 > 1 and ||/||y < cx)} 


Y = max 

1=1,3,9,10,11,12 


We combine Xt and Yt to obtain the space 

Zt = {f{x,y,t)/t G [0,r], WQfWx + \\{Id - Q)f\\Y < oo}. 


We also need a space for the initial data. For this we introduce the following definition: 
Definition 6.2. For any g{x, y) we define 


lbllx,0 = .max lluolli, 

1=1,... ,4 

(where we ignore the part of the i = 1,... ,4 norms since we are considering initial data) 
and the corresponding space 

^0 = { 9 {x,y)/Fx{g){i) = 0 if |^| < 1, and ||/||x,o < oo}. 


We also define 

||5||y,o = max(||5||i2, ||(y)"D“^/'‘"D^+5||i2, ||(i/)"D“^/2"D^/^+5||i2, ||D"3/^"D^/2+5||i2 <)cx), 
and the associated space 

^0 = {g{x,y)/F^{g){i) = 0 if 1^1 > 1, and ||/||y,o < oo}. 

We combine Xq and Yq to obtain the space 

■Z'o = {9ix,y)/\\Qg\\x,o + Wild - Q)g\\Y,o < oo}. 


We now show that if 

(86) maxdl-wolU.o, lbol|x,o) =< d, 

for an appropriate 5, then the operator L is a smooth contraction in a ball of X^ x Y^, centered 
at the origin of radius ii ~ <5. First, we observe that, by definition, Fx(Li(tc, i;))(^) = 0 for 
1^1 < 1 and FxiL 2 iw,v))i^) = 0 for |^| > 1. We start with the estimate of the norm of Liiw,v). 
We decided not to write explicitly the estimates for its linear term because they are basically 
contained in Section 5. We then start by estimating the nonlinear term of (|^) containing the 
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term . From (|6^, (^, (|60|), (Q), (|45|) and (|7^) we have 


\[ U{t-t')dx'uP‘{t')dt'\\i^t < [ \\dxw‘^{t')\\i^t'dt' 

Jo Jo 

\[ U{t-t')dxW^{t')dt'\\2,t < [ {\\dxw'^{t')\\ 2 ,t'+ \\dxW^{t')\\i^t')dt' 

Jo Jo 

\[ U{t-t')dxw‘^{t')dt'\\3^t < [ {\\dxw'^{t')\\3^t'+ \\dxW^{t')\\i^t')dt' 

Jo Jo 

\[ U{t-t')dxw‘^{t')dt'\\4^t < [ {\\dxw'^{t')\\4^t'+ \\dxW^{t')\\i^t')dt' 

Jo Jo 

II f U{t-t')dxW^{t')dt'\\5 < [ \\dxW^{t')\\i^t'dt' 

Jo Jo 

\\ f U{t-t')dxw‘^{t')dt'\\G < f \\dxW^{t')\\ 2 ,t'dt' 

Jo Jo 

\\[ U{t-t')dxW^{t')dt'\\7 = \\dx [ P-U{t-t')iDl + Dl)dxiw^)it')dt'\\L..L\ 

Jo Jo ^ 

< \\dx{Dl +Wivrdxw'^Wltdt)^/'^ 

II fu{t-t')dxw\t')dt'\\8 = ||5, 

Jo Jo ' 


< 


118,(0?< (/ \\a,w^\ltdtfi-^ 


II [ U{t - < f \\d^v}^it')\\ 2 ,t'dt! + f ||8,ui^(tO||i,('dt' 

Jo Jo Jo 

\\[ U{t-t')dxv‘^{t')dt'\\iQ < [ \\dxw‘^{t')\\ 3 ^t'dt'+ [ ||«9a:^^^^(^')lll,^'^^^' 

Jo Jo Jo 

iy 7^ '7^ 

II / U{t-t')dxV^{t')dt'\\ii < [ ||«9x^^^^(^0ll3,^'C^^'+ / \\dxw'^{t')\\4,t'dt'+ [ \\dxw‘^{t')\\i^t'dt' 

Jo Jo Jo Jo 

iy 7^ '7^ 

II [ U{t-t')dxv‘^{t')dt'\\i3 < f \\dxw^{t')\\4^t'dt' + [ \\dxw'^{t')\\3^t'dt' + [ \\dxw'^{t')\\i^t'dt\ 

Jo Jo Jo Jo 

It is now clear that the heart of the matter is reduced to obtaining good estimates for 


^Dlidxw^)h.^^, Wiy^mOxW^h.^^, \\{y)»D^WdxW^^. 




'x,y,t 


-^x,y,t 


Estimate of 

we can write 

a t-i2 


»Dlidxw'^)\\^. 


'x,y,t 


Dxidxw ~ 


+ \\{yrdxiw)dxw\\L2 


^dl{P+w)w\\L2^^^^ + \\{y)^d^{P-w)w)\\L2^^^^ + \\{y)‘^d’^{w)dxw\\L2^^^^ 

I'U^llsIklllO + ll^^l|7||^^^||9 + Ikl|l||'«^||l2- 


< 

rs_/ 
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Estimate of 




w 


r 2 


With similar arguments and (M) one obtains 


‘{Dy)dxw‘^\\i^2 < ||t(;|| 5 ||r(;||io + ||u;|| 7 ||t (;||9 + ||in||i(||in||i2 + Ibllii)- 


x,y,t 


Estimate of \\{y)^D%Dydxw‘^\\i ^2 

^ 1“^ i““i. 

Assume now that u + 7 < 2. Then from (^) and it follows that 
\\{yrDlD'ldxw‘^\\^2^^^^ < \\DlD'l{{yrdxW^)\\L2 

< \\Dl{{yrdxW^)\\L2 + \\Dl{{yrdxW^)U2 

< \\{yrDl{dxW^)U2 + \\{yrDl{dxW^)U2 
and here we use the previous two steps. 

We return to the estimates for the terms in (| 8 ^ involving v. It is not hard to show that 
estimates similar to those presented above are available for the term with wv as long as u G Tr- 
Estimating the term involving is even easier because 

QU{t - t')dx{v^) ^U{t- t'){v^), 

that is the derivative is “inactive” in this part of the operator Li. We then obtain that 
(87) \\Li{w,v)\\x < ||w^o||x,o + ||^^^|lx + ll^lly- 

Notice that no factor of T appears in front of (||rc||^ + HvHy). This will force us to assume that 
11^0 IIA ,0 is small in order to claim that the operator L is indeed a contraction. We will return 
to this matter a bit later. We start the estimate for the operator L 2 {w,v). By unitarity of the 
linear flow in Sobolev spaces, we have 


\\X[o,T]U{t){Id - Q)vo\\ 


1 ^ I|uo||h2. 


Next, from (pdD 

\\X[ 0 ,T]U{t){Id - g)uo||3 < |Ky)“Dj^uo||i2 + ||Z)-“-Z)J2 +“uo||z.2. 

From we have 

\\X[0,T]Uit){Id - Q)uo||9 < \\{yrD-^l + Dyyvoiy + l|7^x"(l + Dy)%o\\L^ 

where 71 = l/2+,cr = l/4+,0 = 1+. From we have 

\\X[ 0 ,T]U{t){Id - Q)uo||io < ||(2/)“I?r(l + Dy)%o\\L^ + l|7)r“'/'(l + Dyf+^/^oh^, 

From (|7^, we also have 

\\X[o,T]U{t){Id-Q)vohi < \\{yni + Dy)^+^vo\\L^ + ||D-“"^(1 + Z),)i+“+2%||i2, 

and we ask that 1 + e < 72 . Similarly, 

||xio,T]t/(i)(7d- Q)^o||i2 < Wiyni + DyYvoh^ + \\{1 + Dyr+^^oh^- 

Now we pass to the estimate of the nonlinear terms. For any i = 1,3, 9,10,11,12 and smooth / 
and h we have 


T] f U{t-t'){dx{fh)dt'\Ye < r \\U{t-t'){dx{fh){t')\\idt' 

JO Jo 


< TV2||(Zj2+Zj2)(/h)(tO||i2^^^+rV2||(y)«ZJ72(;;,)(^ 

< TV 2 (||/||,||/,||,,). 
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This and Definition 

( 88 ) 


show that 
\\L2{w,v)\\x 


Yfi+T^^^iWwfx + Wvfy) 


Then, by (q^) and (| 8 q), it is easy to conclude that L is a contraction (and hence has a unique 
fixed point), if we assume ( 


i), for some small 5. This does not yet prove Theorem 2.1 and 2.2 
But before we present the conclusion of the proofs we would like to make few remarks. 


Remark 6.3. Based on the order of derivatives needed for the maximal function estimates in 
Theorem pd] and |3.6i one may guess that a local well-posedness theory could be obtained in a 
Sobolev space of order at most 3/2 + e. In fact, one can prove that \\[Dy dx{u)][{y)°‘u]\\j ^2 ^ 

can be bounded using the smoothing effect norms of type || • ||j, for i = 5,6, 7, 8, of order at 
most 3/2+, and maximal function norms of type || • ||j, for j = 9,10 . But, unfortunately, the 
intermediate terms appearing in the Leibniz rule cannot be handled in a simple way. Take for 
example the expression \\Dy{Dydx{u)u{y)^)\\i ^2 = 1/2+. To estimate this term one would 

need interpolations norms between || • ||j, for i = 5, 6 , 7, 8 , of order at most 3/2 + e and || • ||j, for 
j = 9,10. Unfortunately these are not available when the two functions involved are DydxP±{u) 
and One would need to prove directly the estimates for the intermediate norms of the 

linear solution U{t)uQ. We decided not to attempt this here because we believe that the well- 
posedness results that one can obtain from the oscillatory integral theory would not be optimal 
(compare for example with Q and ®)- 


Remark 6.4. In the estimate of L 2 , the low-frequency part of the operator L, a power 
appears. This is because we do not need the “smoothing effect” norm, the only norm that 
prevents a factor T'" from appearing. This also says that if one is interested only on a local 
well-posedness result, the smallness assumption on ||uo||y,o can be removed. 


Now we go back to the conclusion of the proof for Theorem EJl and |2.2|. We need to relax 


the smallness assumption ( 86 ). We will prove that for global well-posedness we only need the 


norms 




J—' rr< 


voWl^, 


||^-3/4- 




to be small. To do so, we rescale the solution u by observing that if u{x, y, t) solves (^) on [0, T], 
then Up{x,y,t) = p^u{px, p^y, p^t) also solves (^) with initial data uo^p{x,y) = p^uq{px, p^y), on 
the interval [0,/ 0 “^T]. We have the following lemma; 


Lemma 6.5. Assume p G [0,1) and Vp{x,y) = p‘^u{px, p'^y). Then for any a, 7 > 0 


(89) 

\\Dlup\ 

Ll 2 

< 

r\j 


(90) 

WyUp\ 

Ll 2 

< 

r\j 

pV2+27 117)7^11^, 

(91) 

\\\yrDiup\ 

Il 2 

< 



If then 7 > 1, we also have 

(92) \\\yrD^yUp\\L2 < pV 2 + 27 - 2 a|| < y 


Proof. First we observe that 


DfiUp{i,X) = p ^\XVu{p ^i,p ^A). 
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We then have 




y “PllL2 


7^I|2 

'^pWl^ 


= P 


-2 


< 


pl+27 I |Ap-H2(^,A)dedA</ll+27p7^||2^. 

We now prove 


and (|9y) follows. The same argument can be used to prove 
interpolation. If z = ifd, then by 

W^Up\\l 2 < 


by complex 


li z = 1 + if3 then by (|^) 

\\WDIup\\l 2 = im^OxiTph^ 

= p~^\\D^iyu)p\\L 2 

Interpolation gives immediately (ilD- We are now ready to prove (|9^. Again we use interpola¬ 
tion. As above, for z = if3, 

li z = 1 + ifd then 

^>pIIl 2 = ii5A(iAriv)iii2 


7-ls 


'«pIIl2 + |||AP9a(^)||l2 
= \\D'1 -^Up\\l2 + p-‘^\\D'l{yu)p\\L 2 


To finish the chain of inequalities we use (M) and we obtain 

^>pIIl 2 < (p^/2+^^"2)||(y)T>>||2.2. 


Interpolation gives immediately (| 


□ 


It is now easy to see from (^)-(|^) that if we repeat the fixed point argument above for 
Qup = and {Id — Q)up = U 2 ,p, and 

max(||(i/)"u;o,p||L2, \\{y)'^D-^/‘^-^voJ\L2, < 5 

then max(||rco,p||A, 0 ) ||^o,pI|a,o) < ^ and the fixed point argument can be applied for an appropri¬ 
ate small 6 . This concludes the proof of Theorem 2.1. To conclude also the proof of Theorem 
one needs to use Remark ^ and as we did above. 

Remark 6.6. One can also consider the modified KP-I initial value problem 

dx{dtu + d^u + (lu^dxu) + dyU = 0, 


(93) 


u{x,0) = uo{x), 


{x,y) 


Using the arguments presented above, one can prove a local well-posedness theorem in H^, 
without introducing spaces involving the weight (y)“ and without assuming smallness of the 
initial data. In fact the weight (y)" was introduced above to transform a norm Ly, needed in 
the inhomogeneous smoothing effect (60), into an norm needed for the maximal function 
estimates (14) and (pA]). In modified KP-I this is not needed because the square power in the 
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nonlinearity vF'dxU takes us for free from the norm to the L^. Then, based on (|8^ ) and (p^) 
we can rescale the solution and remove the smallness assumption. The precise well-posedness 
statement for (93) can be summarized in the theorem below. Define the space Wq through the 
norm 

WfWwo = WfWm + \\D-^1 + Dy)yh. + ||Dr (1 + DyffU 2 , 

where 7 > 1/2, cj > 1/4, 0 > 1. 


Theorem 6.7. For any uq G Wq there exist T = T(||uo||wo) ® unique solution u for (p^) 

such that u{x,y,t) G ^([O, T], ITo). Moreover the map uq —>■ u is continuous with respect to the 
initial data in the appropriate topology. 


An adaptation of the arguments from Q to the KP-I setting should, in principle, provide 
similar local well-posedness results for pure power generalizations (with nonlinearity u^Ux, p G 
N) of KP-I. These extensions would lower the regularity required for existence in the energy 
method argument of Tom 0 and also provide uniqueness. 


7. Appendix: The fractional Leibniz Rule 

In this section we recall some known facts on fractional Leibniz rule for one variable functions 
and some related results involving the weight (y)“. 

Theorem 7.1. Assume 0 < cr < 1 and 1 < p < 00 . Then 

WDfifg) - fDf{g)-gDf{f)hr < \\g\\L-\\Df{f)\\Lr. 


For the proof one can see Q. We also need a lemma that relates fractional derivatives with 
the weight (?/)“. 


Lemma 7.2. Assume 0 <a:<l, 0<7 <l and 1 < p < 00 . Then 

( 94 ) \\{yr{i+Dry{f)h. = \\{i+Dry{{yrm^^^ 

Proof. It is enough to prove the following estimate on the commutator: 


(95) ll[(2/)“,(l + ^.n/llL.<||(2/)“/||L- 

we start by first proving that for any /? G M 


(96) 


Dmyy^)\\L-<C. 


By Proposition 1 page 241 in |I^ we have that 


(97) |/0(A)| = |F((!/)''’)(A)| < 

for all N >0. Then 


|0’((!/)*’)l = 


< 


J e-^yyxyKfs{x)dx 

\xy-Ux + 


'|A|<1 


A|>1 


|Ap ^ dX < 00 , 


where in the last step we used (p^) with N = 0 and N = 2. We are now ready to prove (p^) by 
complex interpolation. For 2: G C,0 < Rez < 1 we dehne the operator (1 -|- D)'^]- 
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Assume now 2 ; = ij3. Then by Theorem 0 

< ||[(1 + DV - + ||[(1 + DY - 

+ WivY^^Dy - DYivY^^f) + DY{yY^^)f\\LP + \\DY{yY^^)f\\LP 

< ||[(1 + DY - DYfU. + 1|[(1 + DY - DYivY^f^fU. 

+ 11(1 + Z;)7((y)*2/3)||^^||/||^, + 11/11^, <11/11^, 

where in the last step we used ( |^ and the fact that the multiplier m(A) = (|A| + !)'>' — |A|'^ is 
a good Marcinkiewicz multiplier (see page 245). Assume now that z = 1 + i(3. It is enough 
to estimate T^f = {yY^^y‘^{l + DYf — (1 + DY(y"^{yY"^^f)■ Observe that 

yYl + DYf = M^f + Miyf + (1 + DYiv^f) 

where Mj are multiplier operators such that 

F(Af,/)(A) = (l + |A|)T'-^/(A). 

Using this representation, Theorem O, (p^) and and again theory of multiplier operators, we 
have 


(98) 


~ II/IIlp + \\yf\\L. + 112/VIIl. < 11(1 + y^)f\\L., 


Then complex interpolation gives (95). 


□ 
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